Fuel Shortages During Hurricanes: Epidemiological Modeling and Optimal Control by Islam, Sabique Ul
Dissertations and Theses 
12-2019 
Fuel Shortages During Hurricanes: Epidemiological Modeling and 
Optimal Control 
Sabique Ul Islam 
Follow this and additional works at: https://commons.erau.edu/edt 
 Part of the Aerospace Engineering Commons 
This Thesis - Open Access is brought to you for free and open access by Scholarly Commons. It has been accepted 
for inclusion in Dissertations and Theses by an authorized administrator of Scholarly Commons. For more 
information, please contact commons@erau.edu. 
 
 
FUEL SHORTAGES DURING HURRICANES: EPIDEMIOLOGICAL 
MODELING AND OPTIMAL CONTROL 
 
A Thesis 
Submitted to the Faculty of 
Embry-Riddle Aeronautical University 
 
by 
 
Sabique-Ul Islam 
 
In Partial Fulfillment of the Requirements for the Degree of 
Master of Science in Aerospace Engineering 
 
 
December 2019 
Embry-Riddle Aeronautical University 
Daytona Beach, Florida 

iii 
 
ACKNOWLEDGMENTS 
 
I would like to thank Dr. Sirish Namilae, Dr. Prazenica, Dr. Dahai Liu and Dr. 
Scott Parr for their consideration and guidance, which has been most illuminating. I 
would also like to acknowledge my benefactors at CATM (Consortium for Advanced 
Transportation Mobility) for funding my research. 
  
iv 
 
LIST OF CONTENTS 
                                                                                                         Page 
LIST OF TABLES…………………………………………………………………….    vi 
LIST OF FIGURES…………………………………………………………………...   vii 
SYMBOLS……………………………………………………………………………   xii 
ABBREVIATIONS…………………………………………………………………... xiv 
ABSTRACT…………………………………………………………………….......... xv 
1. Introduction……………………………………………………………………..   1 
 1.1. Significance………………………………………………………………..   1 
 1.2. Motivations………………………………………………………………...   2 
 1.3. Problem Statement and Research Objective……………………………….   3 
2. Background……………………………………………………………………..   6 
 2.1 Fuel Shortage During Hurricane Evacuation……………………………….   6 
 2.2. Epidemiological models of socio-economic problems…………………….   8 
 2.3. Control methods in epidemiological models…………………………........ 10 
3. Modeling Fuel Shortage as an Epidemic………………………………………. 13 
 3.1. Data Sources………………………………………………………………. 13 
 3.2. SIR model formulation and adaptation for fuel shortage…………………. 15 
 3.3. Parameter estimation……………………………………………………… 16 
       3.3.1. Model Formulation…………………………………......................... 17 
       3.3.2. Results and Discussion of Parameter Estimation………………....... 21  
3.4. Summary and Conclusions……………………………............................... 32 
24. Optimal Control Algorithm for the Refueling Strategy………………………... 33 
 4.1. Model formulation……………………………………………………........ 33 
 4.2. Results and Discussion of Optimal Refueling Strategy………………........ 40 
 4.3. Summary and Conclusions……………………………………………....... 54 
5. Predictive Model for Fuel Shortage During Hurricane Evacuation…………… 56 
 5.1. Correlation between Evacuation Traffic and Fuel Shortage……………… 56 
 5.2. Predictive Model for Hurricane Evacuation Traffic and Fuel Shortage…... 60 
 5.3. Predictive model and Optimal Control for “on-the-fly” data…………....... 66 
 5.4. Summary and Conclusions……………………………………………....... 71 
6. Conclusion and Recommendation for Future Work………………………........ 73 
 6.1. Conclusion……………………………………………………………........ 73 
v 
 
 6.2. Recommendations for future work………………………………………... 74 
 
REFERENCES…………………………………………………………...……. 75 
 
  
vi 
 
LIST OF TABLES 
Table Page 
3.1 Unscented-Kalman Filter estimation process…………………………………... 20 
3.2 β, γ and R0 parameters and the number of fuel stations for the major cities 
affected by Hurricanes Irma and Florence………………………….................... 25 
5.1 Time Delay between peak fuel demand and peak cumulative egress for 
different city/area…………………………………………………………...…... 65 
5.2  Calculation of total evacuating vehicles for Miami-Dade County for a 
Category-1 hurricane. The sources for data are Baker et al (Baker, 2010), 
Downs et al (Downs, Prusaitis, Germain, & Baker) and US census (U.S. 
Census Bureau QuickFacts: Boward County, Florida, 
2018)…………..................................................................................................... 68 
5.3 Calculation of total evacuating vehicles for Miami-Dade County for a 
Category-3 hurricane. The sources for data are Baker et al (Baker, 2010), 
Downs et al (Downs, Prusaitis, Germain, & Baker) and US census (U.S. 
Census Bureau QuickFacts: Boward County, Florida, 
2018)………......................................................................................................... 68 
5.4 Results of parameter estimation using the UKF for the fuel shortage 
prediction…………………………………………………………...................... 70 
 
 
  
vii 
 
LIST OF FIGURES 
 
Figure  Page 
1.1 Contrast of Fuel Shortage to disease epidemic.  
(Towers et al. , 2015)…………......................................................................... 5 
3.1 SIR dynamics model repurposed for fuel station shortage to study  
shortage during hurricane evacuation………………………………………… 16 
3.2 The Fuel shortage data from 2017 hurricane Irma…………………………… 22 
3.3 The Fuel shortage data from 2018 hurricane Florence……………………….. 23 
3.4 (a) β and γ rates estimated from GasBuddy data for  
     each time step (dt) for Fort Myers-Naples during Hurricane Irma.  
(b) Continuous time Invariant data of % empty fuel stations (I(t))…………... 24 
3.5 (a) Estimated β and γ rates estimated for Wilmington during Hurricane 
Florence.  
(b) Continuous time Invariant data of % empty fuel stations (I(t))…………... 25 
3.6 β and γ rates for West Palm Beach Area during hurricane Irma……………... 27 
3.7 β and γ rates for Miami-Fort Lauderdale area during hurricane Irma………... 28 
3.8 β and γ rates for Tampa-St. Petersburg area during hurricane Irma………….. 28 
3.9 β and γ rates for Orlando city during hurricane Irma………………………… 29 
3.10  β and γ rates for Jacksonville city during hurricane Irma…………………….. 29 
3.11 β and γ rates for Greenville-New Bern-Washington during  
  Hurricane Florence.......................................................................................... 30 
3.12 % empty fuel stations (I(t)) shown for West Palm Beach  
  during Hurricane Irma………………………………………………………. 30 
3.13 % empty fuel stations (I(t)) shown for Miami-Ft Lauderdale Area  
  during Hurricane Irma………………………..…………….……………….. 31 
3.14 % empty fuel stations (I(t)) shown for Tampa-St Petersburg Area  
  during Hurricane Irma…………….………………………………………… 31 
3.15  % empty fuel stations (I(t)) shown for Orlando city during  
  Hurricane  Irma……........................................................................................ 32 
3.16 % empty fuel stations (I(t)) shown for Jacksonville city 
  during Hurricane Irma……………………………………………………..... 32 
 
viii 
 
Figure Page 
3.17 % empty fuel stations (I(t)) shown for Greenville-New Bern-Washington  
Area during Hurricane Florence…………………………………………….... 33 
3.18 β and γ rates in Raleigh-Durham, NC area during hurricane  
Florence………………………………………………………………………. 34 
3.19 β and γ rates in Norfolk-Portsmouth-Newport, NC area  
during Hurricane Florence……………………………………………...……. 34 
4.1 SIR dynamics model augmented to include vaccination  
rate as per capita rate of refueling, uv……………………………..…………. 37 
4.2 Evolution of susceptible (operational) gas stations  
and the effect of refueling for Fort Myers-Naples during Hurricane Irma…... 45 
4.3 Evolution of infected gas stations and the  
effect of refueling for Fort-Myers-Naples during Hurricane Irma………….... 46 
4.4 The optimal application and switching time, ts,  
for Fort-Myers-Naples during Hurricane Irma…………………………...….. 47 
4.5 Evolution of cumulative fuel required in US Gallons 
for Fort-Myers-Naples during hurricane Irma.................................................. 47 
4.6 Evolution of susceptible (operational) gas stations  
for Wilmington, NC during Hurricane Florence…………………………..…. 48 
4.7 Evolution of infected gas stations and the effect  
of refueling for Wilmington, NC during Hurricane Florence………………... 49 
4.8 The optimal application and switching time, ts,  
for Wilmington, NC during Hurricane Florence…........................................... 49 
4.9 Evolution of cumulative fuel required in US Gallons for  
Wilmington, NC during hurricane Florence…………………………………. 49 
4.10 Maximum number of empty fuel stations, I(t),  
 for uv,max ranging from 0 to 1……………………………………………… 50 
4.11 Bilinear Interpolation of Wilmington city and  
Ft Myers-Naples Area to determine best uv,max. during hurricane Irma….... 50 
4.12 Evolution of susceptible (operational) gas stations and the effect of  
refueling for West Palm Beach during hurricane Irma………………………. 50 
4.13 Evolution of infected gas stations and the effect of refueling for West  
Palm Beach during hurricane Irma…………………………………………... 51 
 
 
ix 
 
Figure 
 
Page 
4.14 The optimal application and switching time, ts, West Palm Beach  
during hurricane Irma………………................................................................. 54 
4.15 Evolution of susceptible (operational) gas stations and the effect of  refueling 
for Miami-Ft Lauderdale area during hurricane Irma………………………… 55 
4.16 Evolution of infected gas stations and the effect of refueling for Miami-Ft    
Lauderdale area during hurricane Irma………………………………….......... 55 
4.17 The optimal application and switching time, ts, for different refueling  
rates for Miami-Ft Lauderdale area during hurricane Irma…………………... 55 
4.18 Evolution of susceptible (operational) gas stations and the effect of  
refueling for Tampa-St Petersburg area during hurricane Irma………………. 56 
4.19 Evolution of infected gas stations and the effect of refueling for Tampa-St 
Petersburg area during hurricane Irma………………………………………... 56 
4.20 The optimal application and switching time, ts, for different refueling rates 
Tampa-St Petersburg area during hurricane Irma…………………………...... 56 
4.21 Evolution of susceptible (operational) gas stations and the effect of  
refueling for Orlando City during hurricane Irma……………………………. 57 
4.22 Evolution of infected gas stations and the effect of refueling for Orlando City 
during hurricane Irma…………………………………………………………. 57 
4.23 The optimal application and switching time, ts, for different refueling rates 
Orlando City during hurricane Irma…………………………………………... 57 
4.24 Evolution of susceptible (operational) gas stations and the effect  
of refueling for Jacksonville City during hurricane Irma…………………....... 58 
4.25 Evolution of infected gas stations and the effect of refueling  
for Jacksonville City during hurricane Irma………………………………...... 58 
4.26 The optimal application and switching time, ts, for different  
refueling rates Jacksonville City during hurricane Irma……………………… 58 
4.27 Evolution of susceptible (operational) gas stations and the effect  
of refueling for Greenville-New Burn-Washington, NC area during  
hurricane Florence…………………………………………………………….. 59 
4.28 Evolution of infected gas stations and the effect of refueling for  
Greenville-New Burn-Washington, NC area during hurricane Florence…....... 59 
4.29 The optimal application and switching time, ts,  
 Greenville-New Burn-Washington, NC area during hurricane Florence.......... 59 
 
x 
 
Figure Page 
5.1. Fuel shortage and cumulative egress for Naples, FL......................................... 61 
5.2. Fuel shortage and cumulative egress for Tampa, FL…………………………. 61 
5.3. Fuel shortage and cumulative egress for Miami/Ft Lauderdale, FL……...…... 61 
5.4. Fuel shortage and cumulative egress for Jacksonville, FL………………...…. 62 
5.5. Relationship between fuel demand and cumulative egress for  
Naples, FL during hurricane Irma…………………………………………...... 62 
5.6. Relationship between fuel demand and cumulative egress for Tampa-St 
Petersburg area, FL during hurricane Irma…………………………………… 62 
5.7. Relationship between fuel demand and cumulative  
egress for Miami-Ft Lauderdale………………………………………………. 63 
5.8. Relationship between fuel demand and cumulative egress for Jacksonville…. 63 
5.9. Prediction of cumulative egress and fuel shortage for: Category 3 and 1 
hurricane directly impacting Miami FL………………………………………. 63 
5.10 Fuel shortage prediction model and the Time-invariant continuous SIR  
data computed using UKF parameter estimation for Category 3 hurricane...... 64 
5.11 Fuel shortage prediction model and the Time-invariant continuous SIR  
data computed using UKF parameter estimation for Category 1 hurricane...... 64 
5.12 Change in the percentage of empty fuel stations due to varying levels of 
intervention (uv,max) for Category 3 hurricane……………………………… 64 
5.13 Change in the percentage of empty fuel stations due to varying levels of 
intervention (uv,max) for Category 1 hurricane……………………………… 64 
5.14 Switching time of optimal refueling strategy for Category 3 hurricane……… 65 
5.15 Switching time of optimal refueling strategy for Category 1 hurricane……… 65 
5.16 Predictive model for Fort Myers-Naples area from β parameter  
estimation and varied R0……………………………………………………… 65 
5.17 Evolution of susceptible (operational) gas stations and the effect  
of refueling for Fort-Myers-Naples during Hurricane Irma 
for the predictive model with R0=5…………………………………………… 66 
5.18 Evolution of Infected or empty fuel stations and the effect  
of refueling for Fort-Myers-Naples during Hurricane Irma  
for the predictive model with R0=5…………………………………………… 66 
 
 
xi 
 
Figure 
 
Page 
5.19 The optimal application and switching time, ts, for Fort-Myers-Naples 
during Hurricane Irma for the predictive model with …………………..……. 66 
5.20 Evolution of susceptible (operational) gas stations  
and the effect of refueling for Fort-Myers-Naples during  
Hurricane Irma for the predictive model with R0=7………………………….. 67 
5.21 Evolution of Infected or empty fuel stations and the effect  
of refueling for Fort-Myers-Naples during Hurricane Irma  
for the predictive model with R0=7…………………………………………… 67 
5.22 The optimal application and switching time, ts,  
for different refueling rates for Fort-Myers-Naples  
during Hurricane Irma for the predictive model with R0=7…………………... 67 
5.23 Evolution of susceptible (operational) gas stations  
and the effect of refueling for Fort-Myers-Naples during  
Hurricane Irma for the predictive model with R0=3.5………………………... 68 
5.24 Evolution of Infected or empty fuel stations  
and the effect of refueling for Fort-Myers-Naples during  
Hurricane Irma for the predictive model with R0=3.5………………………... 68 
5.25 The optimal application and switching time, ts,  
for different refueling rates for Fort-Myers-Naples  
during Hurricane Irma for the predictive model with R0=3.5………………… 68 
5.26 Evolution of susceptible (operational) gas stations  
and the effect of refueling for Fort-Myers-Naples during  
Hurricane Irma for the predictive model with R0=2.9………………………... 70 
5.27 Evolution of Infected or empty fuel stations  
and the effect of refueling for Fort-Myers-Naples  
during Hurricane Irma for the predictive model with R0=2.9…….…………... 70 
5.28 The optimal application and switching time, ts,  
for different refueling rates for Fort-Myers-Naples during  
Hurricane Irma for the predictive model with R0=2.9……………..…………. 71 
 
 
  
xii 
 
SYMBOLS 
β Transmission rate per capita 
γ Recovery rate 
t Time 
S(t) Susceptible (operational) fuel stations 
dS/dt Change in susceptible fuel stations 
I(t) Infected (Empty) fuel stations 
dI/dt Change in infected fuel stations 
R(t) Recovered (refueled) fuel stations 
dR/dt Change in recovered fuel stations 
R0 Basic reproduction number 
1/γ Mean infectious period 
𝑋𝑘 State space state vector 
𝑋0 Initial state value 
?̂?0 Initial state mean 
yi,k State space output vector 
?̅? Mean of state vector 
𝑃𝑘 Covariance matrix 
𝑃0 Initial covariance 
dt Time interval 
Q Process noise covariance 
R Measurement noise covariance 
𝑃𝑘
𝑦𝑦
 𝑎𝑛𝑑 𝑃𝑘
𝑥𝑦
 Cross covariance matrices 
xiii 
 
?̂?𝑘|𝑘−1 Mean of the state estimate 
𝑃𝑘|𝑘−1 Error covariance matrix 
𝜓𝑘|𝑘−1
𝑖  Sigma points 
?̂?𝑘|𝑘−1 Measurement output from UKF 
Wc and Wm UKF weighing matrix 
T Final time 
uv per-capita rate of refueling 
J Minimum time cost function 
H Hamiltonian 
λ Co-state function 
𝜙 Terminal cost 
𝜙𝑥 Partial derivative of terminal cost w.r.t x 
𝜙𝑇 Partial derivative of terminal cost w.r.t final time 
𝜓 Terminal constraint 
𝜓𝑇 Partial derivative of terminal constraint w.r.t final time 
dr/dt Change in resources (fuel in gallons) 
ts Switching time 
 
xiv 
 
ABBREVIATIONS 
CBS 
 
Central Broadcasting Station 
ODE 
 
Ordinary Differential Equation(s) 
SVM 
 
Support Vector Regression 
ARIMA 
 
Autoregressive integrated moving average 
SIS 
 
Susceptible-Infected-Susceptible 
SIR 
 
Susceptible-Infected-Recovered 
SIRS 
 
Susceptible-Infected-Recovered-Susceptible 
SEIR 
 
Susceptible-Expected-Infected-Recovered 
KF 
 
Kalman Filter 
EKF 
 
Extended Kalman Filter 
EnKF 
 
Ensemble Kalman Filter 
UKF 
 
Unscented Kalman Filter 
PMP Pontryagin’s Maximum Principle 
  
xv 
 
ABSTRACT 
Hurricanes are powerful agents of destruction with significant socioeconomic impacts. 
A persistent problem due to the large-scale evacuations during hurricanes in the 
southeastern United States is the fuel shortages during the evacuation. Fuel shortages 
often lead to stranded vehicles and exacerbate the evacuation efforts. Computational 
models can aid in emergency preparedness and help mitigate the impacts of hurricanes. 
In this thesis, the hurricane fuel shortages are modeled using the Susceptible-Infected-
Recovered (SIR) epidemic model. Crowd-sourced data corresponding to Hurricane Irma 
and Florence are utilized to parametrize the model. An estimation technique based on 
Unscented Kalman filter (UKF) is employed to evaluate the SIR dynamic parameters. 
Finally, an optimal control approach for refueling based on a vaccination analogue is 
presented to effectively reduce the fuel shortages under a resource constraint. The control 
model estimates the duration and the level of intervention required to mitigate this 
epidemic. This approach could be useful for emergency management of future 
hurricanes. A predictive model is then proposed where the UKF can be utilized to 
evaluate the SIR dynamic parameters from incoming fuel shortage during the initial 
stages of the hurricane. Due to the nature of the Ordinary Differential Equations (ODE) 
of SIR dynamics, only one of the parameters can be accurately estimated from the data 
collection of initial stages of the evacuation. The Basic Reproduction number (R0) value 
is then varied to produces predictive trends and the optimal refueling strategy is applied 
to these probable fuel shortage trends to demonstrate possible countermeasures. 
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1. Introduction 
Hurricanes are a periodic socio-economic threat for population centers in 
coastal areas globally. There is evidence for increased hurricane activity in the 
industrial era (Burn & Palmer, 2015) and a rise in the number of high-intensity 
hurricanes over the past four decades (Holland & Bruyere, 2014). Computational 
modeling integrated with new social media data sources can assist in emergency 
preparation and evacuation efforts which can probably save lives.    
1.1       Significance 
In the past decade, hurricanes impacting the Southeastern United States have 
led to high volume evacuations. The 2017 evacuation from Hurricane Irma has been 
referred to as the largest evacuation in the history of the nation. During this  
hurricane, twenty-three counties in Florida issued mandatory evacuation orders, and 
the remaining forty-four counties placed voluntary orders. Analysis of hurricane Irma 
traffic data obtained from the Florida Department of Transportation (FDOT)  
indicates a net exodus of 550,000 vehicles from the southern parts of Florida. It is 
estimated that approximately 6.8 million Floridians and tourists took to the roads in 
the days leading up to the storm (Floirda Department of Transportation (FDOT), 
2018). Such mass evacuations have also been observed during hurricane Florence 
(The Weather Channel, 2018), affecting North and South Carolinas as well as during 
hurricane Michael (Etters & McCloud, 2018). Hurricane evacuees tend to make 
longer, intercity trips to stay with friends and family outside the impacted area and to 
completely move out of the storm path (Cheng, Wilmot, & Baker, 2008).  
The high-volume mass evacuations, disruptions to the supply chain, long 
distances traveled, and fuel hoarding from non-evacuees have led to localized fuel 
shortages lasting several days and a cascade of problems in hurricane-affected areas. 
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For example, evacuation during hurricane Irma created a widespread fuel shortage 
problems days before the hurricane’s landfall for most of Florida and especially for 
South Florida. The fuel shortage problems gave rise to various other issues such as an 
unpredictable increase in fuel prices that exacerbate and hinder evacuees living in 
low-income areas, traffic congestion on the highways due to stranded vehicles, and 
difficulties with emergency and medical transportation needs (Floirda Department of 
Transportation (FDOT), 2018). Determining the trend in fuel shortages during 
hurricane evacuation can guide governing agencies and the general public in pushing 
appropriate amount of supplies to the correct regions and mitigating the shortage in 
situations where there is a scarcity of resources.  
1.2      Motivations 
A report by the Orlando Sentinel (Arnold, 2017) states that the closure of key 
ports, such as Port Tampa Bay, meant the state of Florida was starved of fuel delivery 
up until September 12 ,2017. This resulted in about 47 percent of gas stations in the 
Orlando-Daytona Beach-Melbourne metropolitan area not having fuel until Tuesday 
(09/12) at 1:30 p.m., according to a tracking project by Gasbuddy.com. Other areas 
around the state of Florida were in much worse condition. About 60 percent of gas 
stations in the Gainesville area were without gas and 51 percent of the Miami-Fort 
Lauderdale’s 1,545 gas stations did not have fuel (Arnold, 2017). The state of Florida 
was already running short on fuel because of refinery shutdowns from Hurricane 
Harvey in Texas and Louisiana. Then the buildup to Hurricane Irma sent Floridians 
scrambling to fill tanks and gas cans for generators in the last nine days leading up to 
the landfall.  
When hurricane Dorian was looming off of the coast of Florida, Villarreal of 
CBS evening news reported that residents across the states were subjected to long 
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queues at fuel stations and in Miami nearly half of the fuel stations were empty. The 
Seaport Canaveral had about 38 million gallons of reserve fuel ready for deployment 
by 400 trucks. A mathematical model that can assess the level of fuel supply that can 
be sent to different cities/areas would have been very beneficial during times like 
these (Dickerson & Villarreal, 2019).  
Hence, understanding the characteristics of fuel shortage during hurricane 
evacuation is crucial to the mitigation of this problem and reducing the casualties 
caused by an imminent hurricane. The data explosion from social media enables new 
analysis approaches for this problem. Taking such issues that get exacerbated by 
hurricane evacuation into consideration, there is a need a for a mathematically sound 
predictive model that can ascertain the dynamics of evolution of fuel shortage during 
an impending hurricane evacuation using real life data.   
1.3       Problem Statement and Research Objective 
The primary goal of this research is to determine a suitable mathematical 
model that can be used to emulate the evolution of fuel shortage in areas where 
mandatory hurricane evacuation is occurring. The model should also be open to 
modification to include a control input so the user to can determine the level of 
intervention required in order to mitigate fuel shortage before landfall occurs. The 
mathematical model proposed is based on contagion dynamics as the evolution of fuel 
shortage bears resemblance to the transmission of a disease through a population. The 
specific research objectives are identified as follows: 
a) Model fuel shortage during hurricane evacuation as an epidemic. The goal 
is to use differential equations based on the SIR dynamics model to 
characterize the fuel shortage problem and use mathematical analysis to 
evaluate different contagion parameters.  
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b) Collect crowd-sourced empirical data from GasBuddy.com that shows the 
trend of fuel shortage during the evacuation period.  
c) Develop an optimal estimator algorithm based on the Kalman Filter that 
can be used to efficiently determine/estimate parameters that govern the 
spread of fuel shortage in a specific area. Compare synthetically produced 
compartmental epidemiological model data, using estimated 
epidemiological parameters, to real-life crowd-sourced data from 
Gasbuddy.com to determine the accuracy of the proposed model. 
d) Develop a vaccination input for the compartmental epidemiological model 
that serves to be analogous to an extra intervention in order to mitigate fuel 
shortage. Then develop an optimal control algorithm that can suggest 
optimal refueling policy for fuel stations to mitigate and control fuel 
shortage before hurricane landfall by considering scarcity of resources 
(mainly fuel). A bang-bang optimal controller is to be used. 
e) Use the optimal estimator algorithm and optimal control algorithm to 
develop predictive models for future hurricane evacuation scenarios with 
correlation of evacuation traffic egress and observed fuel shortage in that 
area. The predictive model is, alternatively, used to predict fuel shortage 
epidemic rate from initial data and then the optimal control algorithm 
applied to suggest time optimal refueling policy for governing authorities. 
Epidemiological dynamics will enable the determination fuel shortage trends 
in different cities/areas, during an impending hurricane, but also enable the 
development of effective optimal refueling strategies with resource constraints.  
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Figure 1.1. Contrast of Fuel Shortage to disease epidemic. (Towers et al., 2015) 
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2. Background 
This chapter outlines the details and review the literature of the different 
theories used in order to pursue the research objectives. In the first subchapter, fuel 
shortage trends during mandatory evacuation are discussed and a brief review of past 
research in solving this problem is presented. The second subchapter presents other 
research that used epidemiological dynamics to create innovative solutions for socio-
economic problems in our world. Here, a brief introduction to compartmental SIR 
dynamics model is also provided. Lastly, the third subchapter delves into the use of 
control algorithms in different avenues of science and engineering such as vaccination 
supplemented epidemiological models, space-craft reentry mechanism, autonomous 
vehicles etc.   
2.1       Fuel Shortage During Hurricane Evacuation 
In the past decade, hurricanes impacting the Southeastern United States have 
led to high volume evacuations. The 2017 evacuation from Hurricane Irma has been 
referred to as the largest evacuation in the history of the nation. During this hurricane, 
twenty-three counties in Florida issued mandatory evacuation orders, and the 
remaining forty-four counties placed voluntary orders. Analysis of hurricane Irma 
traffic data obtained from the Florida Department of Transportation (FDOT) indicates 
a net exodus of 550,000 vehicles from the southern parts of Florida. It is estimated 
that approximately 6.8 million Floridians and tourists took to the roads in the days 
leading up to the storm (Floirda Department of Transportation (FDOT), 2018). Such 
mass evacuations have also been observed during hurricane Florence (The Weather 
Channel, 2018), affecting North and South Carolinas as well as during hurricane 
Michael (Etters & McCloud, 2018). Hurricane evacuees tend to make longer, intercity 
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trips to stay with friends and family outside the impacted area and to completely move 
out of the storm path (Cheng, Wilmot, & Baker, 2008).  
The high-volume mass evacuations, disruptions to the supply chain, long 
distances traveled, and fuel hoarding from non-evacuees have led to localized fuel 
shortages lasting several days and a cascade of problems in hurricane-affected areas. 
For example, evacuation during hurricane Irma created a widespread fuel shortage 
problems days before the hurricane’s landfall for most of Florida and especially for 
South Florida. The fuel shortage problems gave rise to various other issues such as an 
unpredictable increase in fuel prices that exacerbate and hinder evacuees living on 
low-income areas, traffic congestion on the highways due to stranded vehicles, and 
difficulties with emergency and medical transportation needs (Floirda Department of 
Transportation (FDOT), 2018). Understanding the characteristics of fuel shortage 
during hurricane evacuation is crucial to the mitigation of this problem and reducing 
the casualties caused by an imminent hurricane. The data explosion from social media 
enables new analysis approaches for this problem.  
A report by CNN correspondent, Rosa Flores, who was in West Palm Beach 
during the evacuation of the city as hurricane Dorian was looming, stated that about 
67 counties in Florida were in the state of emergency. Most of the fuel stations were 
inoperative and evacuees reported driving around for longer time to find operational 
fuel stations. The problems were exacerbated by reported fuel and water price 
gouging. Flores also reported that the governor had issued orders to facilitate flow of 
fuel to strategic locations (Gallagher, et al., 2019). 
Khare et al have demonstrated the use social media data gasoline supply 
decision making. They built a four-stage shortage prediction model in which they 
filter out tweets related to gasoline, used a Support Vector Regression (SVM)-based 
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tweet classifier to classify tweets about the gasoline shortage, predicted the number of 
future tweets about gasoline shortage using a hybrid loss function (which is built to 
combine Autoregressive integrated moving average (ARIMA) and Poisson regression 
methods) and lastly they employed Poisson regression to predict shortage using the 
number of tweets predicted in the third stage (Khare et al., 2019).  
To the best of the author’s knowledge, this is the first research study that 
utilizes optimal estimators and control algorithms, in conjunction with crowd-sourced 
data type provided by a platform like GasBuddy. This research is believed to be the 
first of its kind to employ methods to evaluate fuel shortage as an epidemic and 
develop counter measures to assist decision makers in allocating limited resources in a 
dynamically evolving emergency such as hurricane evacuation.  
2.2       Epidemiological Models of Socio-Economic Problems 
The progression of fuel shortage through a geographic area and the return to 
normal fuel supply has similarities with the spread of infectious diseases. For 
example, a refueling station in the vicinity of another station that is out of gas is more 
likely to be depleted of fuel soon, similar to infectious disease spread. Sociologists 
and computational scientists have long studied social events using biological models 
of infectious disease spread. Modeling interconnected social events as contagion leads 
to the analysis of these events in a new light. For example, a recent study by Towers 
et al (Towers et al. ,2015) utilized epidemic modeling to examine mass killings 
related to gun violence and found that the likelihood of a mass killing increased 
because of preceding occurrence of a similar event. Contagious disease modelling has 
been used to study several social phenomena that show epidemic like behavior such 
as: election campaign donations (Traag & Vincent, 2016), spread of emotional 
influence in social media (Ferrara et al., 2015), suicidal ideation (Bearman & Moody, 
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2004), spread of web malware (Liu & Zhong, 2017) , social contagion of altruism 
(Tsvetkova & Macy, 2014) etc. Recent studies have combined the biological and 
social contagious behaviors, e.g. effect of influenza spread on the social media trends 
on vaccination (Fu et al., 2017). These studies point to the success of epidemiological 
models in examining the dynamics of problems involving social contagion.  
The well-studied classical compartmental epidemic models used in most of the 
above studies such as SIS (Susceptible-Infected-Susceptible), SIR (Susceptible-
Infected-Recovered) and SIRS (Susceptible-Infected-Recovered-Susceptible) divide 
the host population into susceptible, infected and recovered compartments with a set 
of differential equations describing dynamics between these different compartments 
(Brauer et al., 2010). 
Classical and fractional order SEIR (susceptible, exposed, infections, 
removed) Ebola epidemic models were used to analyze and estimate epidemic 
parameters to create predictive models for future Ebola epidemic (Area et al., 2015). 
The use of epidemiological models was also used to counteract contagions. 
Contagions are also a part of the socio-economic issues described above where the 
use of mathematical analysis can bode favorable results in important decision-making 
processes for effective mitigation of epidemic.  
In the conventional SIR dynamics model, the population is divided into 3 
compartments using first order differential equations (Brauer et al., 2010). Mainly S – 
Susceptible, I – Infected and R - Recovered population. The parameters β 
(transmission rate per capita) and γ (recovery rate) govern the rate at which 
populations move from one compartment to another, respectively. The β rate 
parameter is the rate at which susceptible population becomes infected during an 
epidemic. The γ rate parameter determines the rate at which infected individuals 
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recover from the infection causing epidemic. Unlike the SIS, SEIR and SIRS 
dynamics models, the SIR model operates with the assumption that recovered 
individuals gain immunity from the contagion and do not get infected again. It is one 
of the simplest forms of epidemiological model with only two constant rate 
parameters governing the dynamics of the model.  
2.3       Control Methods in Epidemiological Models 
The Kalman Filter (Kalman, 1960; Kalman & Bucy, 1961),  developed in the 
early 1960’s, is an effective technique designed to estimate the parameters with 
measurement correction from empirical data.  One of the earliest usages of the 
Kalman Filter was in the Apollo program (Grewal & Andrews, 2010), and it has seen 
widespread use in applications such as spacecraft reentry (Chang et al., 1977) and 
autonomous navigation through obstacle environments (Langelaan, 2007), as well as a 
diverse array of other engineering and epidemiological applications (Yang et al., 
2014; Costa et al., 2005; Sabet et al., 2004).  The use of the Kalman Filter for the 
epidemiological parameter estimation problem, as opposed to conventional curve 
fitting techniques, facilitates bounding of the dynamic parameters. Different 
variations of Kalman Filter algorithms, such as the Extended Kalman Filter (EKF) 
(Mushoff & Zarchan, 2009), Ensemble Kalman Filter (EnKF) (Evensen, 2003; Wan 
& Van Der Merwe, 2000), and Sigma Point or Unscented Kalman Filter (UKF) (Julier 
et al., 2000), have been developed and used for various applications in engineering 
and epidemiology.  
Mathematical analysis provides valuable insight into the best ways to control a 
contagion. An issue of paramount importance, where mathematical modeling is very 
effective, is to determine the optimal distribution of limited resources during an 
outbreak. In most cases, in preparation for an outbreak, a fixed amount of vaccine and 
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other drugs are stockpiled, and sometimes a sub-population within the general 
population is isolated or quarantined as a measure of control. But in most cases, there 
is no specific way of identifying a sub-population on which to focus control efforts 
(Hansen & Day, 2010). Furthermore, often available resources are not enough to 
target all individuals in the general population that are affected by the epidemic. As a 
direct effect to the earlier statement, it is critical that resources are administered in a 
time-optimal fashion. 
 Abakuks examined the optimal control of a simple deterministic SIR model 
using an isolation/quarantine strategy (Abakuks, 1973). He then determined the 
optimal vaccination strategy for the same model and ascertained that the optimal 
strategy was to vaccinate N susceptible at the start of the epidemic (Abakuks, 1974). 
Shortly after this study, Wickwire studied the same question but with some notable 
differences. Firstly, Wickwire removed the assumption that an arbitrary number of 
individuals can be isolated or vaccinated instantaneously and modeled these processes 
under the assumption that some finite rate of isolation or vaccination is possible to 
control an epidemic.  He found that the optimal isolation strategy was to use either 
maximal control for the entire epidemic or to use no control at all and that the optimal 
vaccination strategy has at most one switch (switching from maximal vaccination to 
no vaccination) (Wickwire, 1975). 
However, deterministic SIR models may be too simplistic for many real 
outbreaks of interest for which there is limited resources, researchers focused on this 
simple case for two main reasons (Hansen & Day, 2010): 
a) To provide a complete analytical solution for control of the epidemic 
with some finite vaccination rate. Thus, although these models are not 
intended as definitive solutions to real-world optimal vaccination 
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problems, they provide a foundation of rigorous mathematical results 
upon which more complex models can be built, and for which such 
complete solutions are not possible. 
b) The analysis is not trivial, and the results have some surprising and 
initially counterintuitive features. For example, the optimal vaccination 
policy exhibits the law of diminishing returns as the finite vaccination 
rate is increased. With increased vaccination rate, the maximum 
number of infectives reaches an asymptote.  
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3. Modeling Fuel Shortage as an Epidemic 
Fuel shortage trends during hurricane evacuation over the last few years have 
shown striking similarity to spread of infectious diseases through a population, as 
seen in Figure 1.1. Using epidemiological models governed by first order differential 
equations to model fuel shortage gives very insightful information into understanding 
the trend in fuel shortage in new light. The fuel shortage data from their respective 
sources were utilized to evaluate their relation to an SIR dynamic model. 
This chapter discusses the methods that are adopted to model fuel shortage 
during hurricane evacuation as an epidemic using contagion dynamics specific to SIR 
dynamic first order ODEs. For purposes of the optimal refueling strategy in Chapter 
4, the SIR dynamics model is parametrized. The UKF algorithm was then applied 
with crowd sourced data from GasBuddy to estimate the parameters that govern SIR 
dynamics. The set of obtained epidemic parameters, β and γ, are variant in time. This 
time variant rate parameters are then compared by using different combinations of β 
and γ to determine the combination that produces mechanistic data that fits best with 
the real-life data. The ascertained rate parameters are then compared with the number 
of fuel stations in those regions and the basic reproduction number computed that 
emulates the specific epidemic behavior for that city/area. 
3.1 Data Sources 
The fuel shortage data for this study was obtained from GasBuddy news 
releases during evacuation due to Hurricanes Irma and Florence. GasBuddy is an 
online database containing vital roadside information on more than 150,000 fuel 
stations. The website provides real-time fuel price information to drivers through a 
designated mobile app created for both iOS and Android platforms (Gasbuddy, 2016). 
GasBuddy played a crucial role during hurricanes Irma and Florence by connecting 
14 
 
evacuees and providing real-time information on fuel availability in the affected areas 
during the evacuation. A recent article in The Wall Street Journal reported that the 
GasBuddy Mobile app was downloaded 300,000 times during the events leading up to 
hurricane Irma, compared to 30,000 times on a typical day (Slider, 2017) . Florida 
Governor Rick Scott and Texas congressman Ted Poe both recommended the use of 
GasBuddy during hurricane evacuation of the respective states during hurricane Irma 
and Harvey.  One problem with crowd sourced data is the reliability of the data. 
GasBuddy cross-checks the reported data with the user’s location information to 
improve reliability (Slider, 2017).  Noam et al report that reliability of volunteer 
generated data is improved by using multiple sources (Noam et al., 2017).    
Hurricane Irma made landfall near Cudjoe Key, on September 10th, 2017 at 
9:00 AM ET. Another landfall occurred on September 10th 3:35 PM at Marco Island 
near Naples (National Hurricane Center, 2017). This led to large scale evacuation of 
affected areas in the preceding days. GasBuddy reported the data about the percentage 
of refueling stations out of fuel in major cities in Florida including Fort Myers- 
Naples, Miami-Fort Lauderdale, Tampa-St Petersburg, Orlando and Jacksonville from 
9/6/2017 to 9/18/2017.  Hurricane Florence a slow-moving storm damaged several 
regions in North and South Carolinas in September 2018 and resulted in fuel 
shortages as high as 70% in some cities like Wilmington, North Carolina. The data 
from these hurricanes were used to parametrize our model. In addition, we use traffic 
data from the Florida Department of Transportation (FDOT) (Florida Department of 
Transportation, 2019) and demographic data from the United States Census Bureau 
(United States Census Bureau, 2019) in this work. 
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3.2       SIR Model Formulation and Adaptation for Fuel Shortage 
For this research study, the SIR dynamics model was used to model the fuel 
shortage that occurs during hurricane evacuation. In the SIR model, schematically 
shown in Figure 3.1, we treat the percentage of refueling stations without gasoline as 
“infected (I)”, percentage of refueling stations with gasoline that are prone to running 
out of gasoline as “susceptible (S)” and percentage filled with gasoline after running 
out of fuel as “recovered (R)”. The recovered refueling stations do not get re-infected 
(experience fuel shortage) in this case as the model and the on-ground situation 
represents a short-term outbreak. In terms of differential equations, the dynamic 
model for the SIR is: 
dS
dt
=  - βS(t)I(t) (3.1) 
dI
dt
= βS(t)I(t) - γI(t) (3.2) 
dR
dt
= γI(t) (3.3) 
Equation (3.3) for dR/dt does not affect the dynamics for S(t) and I(t) which 
stipulates the fact that recovered gas stations do not affect transmission (Brauer et al., 
2010). The parameters β and γ represent the transmission rate per capita and recovery 
rate, which in the current context represent the rate at which the susceptible refueling 
stations are emptying and the empty fuel stations are resupplied with fuel 
respectively. As in a conventional SIR model the mean infectious period, i.e. period in 
which most fuel stations are without fuel, is 1/γ. The quantity βS(0)/γ is a threshold 
quantity known as a basic reproduction number (R0). Here, we define it as percentage 
of refueling stations without fuel in a region, because of 1% stations going out of fuel. 
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The R0 value determines whether an epidemic is taking place or not. If R0 < 1, the 
epidemic dies out, while R0 > 1 results in an epidemic. 
 
Figure 3.1. SIR dynamics model repurposed for fuel station shortage to study 
shortage during hurricane evacuation 
3.3       Parameter Estimation 
To evaluate the epidemiological characteristics of fuel shortage trends in 
different areas, an optimal estimator algorithm based on the Kalman Filter is used. An 
Unscented Kalman Filter, a non-linear variant of the Kalman Filter, is used to 
estimate the constant rate parameters of the SIR dynamics model. In the subsequent 
subchapters the formulation of this model and its respective algorithm are discussed.  
3.3.1 Model Formulation 
In this subchapter the formulation of the process and measurement equations 
of the UKF is discussed. Then a pseudo-code of the UKF algorithm is presented in  
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Table 3.1.  
By employing the fuel shortage data from GasBuddy for the measurement 
update, the synthetic data for the mechanistic SIR Model are simultaneously 
generated and the parameters 𝛽 and 𝛾 are estimated. The differential equations of the 
Fuel Shortage SIR model are then converted to discrete time form at different days, k, 
using the Euler Method. The state vector that is input into the UKF is defined as 
Xk=[Sk,Ik,βk,γk]
T
. 
That is the states are susceptible, infected, recovered refueling stations and the 
parameters β and γ, rates at which susceptible refueling stations are infected and 
infected refueling stations are recovered. The process equations, using the Euler 
method, for the UKF are then setup as shown below: 
Sk= Sk-1+ ( - βk-1Sk-1Ik-1)dt (3.4) 
Ik= Ik-1 + (βk-1Sk-1Ik-1 - γk-1Ik-1)dt (3.5) 
β
k
 = β
k-1
 (3.6) 
γ
k
 = γ
k-1
 (3.7) 
Here the time step dt is 0.25 day and 1/24 day for data sets pertaining to 
hurricane Irma and Florence, respectively. The output then takes the form of: 
y
1,k
 = Sk (3.8) 
y
2,k
 = Ik (3.9) 
 
While the classical Kalman filter provides optimal state and parameter 
estimation for linear systems subject to Gaussian white noise, the process equations 
for the SIR problem, shown in Equations (3.4) and (3.5), are inherently nonlinear, and 
the process and measurement noise are not necessarily Gaussian.  The EKF algorithm 
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can address nonlinearity by using the nonlinear dynamics for state propagation along 
with linearized dynamics to propagate the error covariance; however, the EKF 
assumes a Gaussian noise model.  The Sigma Point or Unscented Kalman Filter 
(UKF) can accommodate nonlinear dynamics and it is not constrained by the 
assumption of Gaussian white noise.  Instead, the UKF characterizes the estimation 
error by propagating a set of sigma points through the nonlinear dynamics model.  
Therefore, the UKF is used in this work for the estimation of the SIR model 
parameters. These data are then used in the optimal control algorithm to estimate an 
optimal refueling strategy.  
The Unscented Kalman Filter used here is effective in reducing the 
linearization error when finding the parameters that generate data from Equations 
(3.4) and (3.5) while representing the empirical data. In addition, this approach is 
effective in estimating the dynamic parameters with limited data during early stages 
of an ongoing hurricane evacuation. 
The Unscented Kalman Filter relies on the unscented transformation, which 
determines the statistics of an L dimensional random variable x through a non-linear 
transformation y=f(x). It is assumed that the state vector x has a known mean ?̅? and 
initial covariance 𝑃0. The main goal of the UKF is to reduce the error in state 
estimation from a priori (k-1) value to a posteriori (k) value in each successive time 
interval dt for N timesteps. Here, the entire time interval is 12 days with a time step of 
0.25 day for hurricane Irma effected city/areas. For Hurricane Florence, more refined 
data were available, so we used a time step of 1 hour for the interval of 18 days. The 
statistics of the function y can then be determined using the procedures listed in the 
UKF pseudo-code as shown in  
Table 3.1.  
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In Step 1, we initialize the UKF by providing the initial values for state vector 
Xk for t=0 days (k=1). We used a set of initial values of Sk and Ik from the GasBuddy 
fuel shortage data for the first day. Initial values for β and γ were set to zero as they 
are to be determined through the estimation process. The initial covariance, P0 was 
set to the identity matrix with the same dimension as the state vector Xk.  
The Q and R are the process and measurement noise covariance matrices in 
the estimation and update steps (Step 3 to Step 8) shown in  
Table 3.1. The cross-covariance matrices Pk
yy
 and Pk
xy
  were initialized to R and 
the identity matrices respectively. The model update step entails propagating a set of 
2L+1(where L is the number of states) sigma points through the nonlinear dynamics 
model (Equations (3.4)-(3.7)). The mean of the state estimate (X̂
k|k-1
)  and the error 
covariance matrix (Pk|k-1) are then updated as a weighted combination of the 
propagated sigma points as shown in Step 4. The weighting matrices are computed as 
shown in Step 2. The measurement update is performed by first generating a set of 
measurements (ψ
k|k-1
i ) by propagating the sigma points through the output equation 
(Step 5). The current measurement (Ŷk|k-1) is computed as a weighted combination of 
these propagated sigma points (ψ
k|k-1
i ). The covariance and cross covariance 
estimation matrices are then updated as shown in Step 6, which in-turn are used to 
update the Kalman gain in Step 7. Finally, the mean of the state estimate and the error 
covariance matrix are updated in the last step. This process is then repeated until k=N. 
The states Sk and Ik are being updated at every time step, as are the states β and γ, 
defined by their relation to Sk and Ik in Equations (3.4) and (3.5). In this process we 
can estimate the transmission rate (β) and recovery rate (γ) for every time step from 
the data provided by GasBuddy. 
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Table 3.1.  
Unscented-Kalman Filter estimation process 
 
3.3.2 Results and Discussion of Parameter Estimation  
After the UKF is utilized to determine the epidemiological parameters of the 
SIR dynamic model, the results are presented and analyzed in this subchapter. The 
empirical data from GasBuddy crowdsourced platform are utilized to parameterize the 
models discussed above. The Unscented Kalman Filter is used to estimate the state 
variables and epidemic parameters (β, γ, R0) based on the data by GasBuddy. Figure 
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3.2(a) shows the fuel shortage data for the 2017 Hurricane Irma and Figure 3.3 shows 
the similar data for the 2018 Hurricane Florence, which affected North Carolina. The 
plots indicate fuel shortages of up to 66% in South Florida during hurricane Irma and 
similar shortages close to 70% in Wilmington, North Carolina during Hurricane 
Florence.  
 
Figure 3.2. The Fuel shortage data from 2017 hurricane Irma 
 
Figure 3.3.The Fuel shortage data from 2018 hurricane Florence 
Figure 3.4(a) shows the variation of transmission rate per capita (β) and the 
recovery rate (γ) estimated using the UKF for the Fort Myers-Naples metropolitan 
area where Hurricane Irma had a landfall on the continental United States.  
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(a) 
 
(b) 
Figure 3.4. (a)β and γ rates estimated from GasBuddy data for each time step (dt) for 
Fort Myers-Naples during Hurricane Irma. (b) Continuous time Invariant data of % 
empty fuel stations (I(t)). 
Similar data for Wilmington affected by Hurricane Florence are shown in 
Figure 3.5(a). While the fuel shortage data generally tend to peak ahead of the landfall 
in preparation for evacuation, the fluctuations in fuel demand observed in Figure 2 
cause variations in the parameter estimates for β and γ.   
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(a) 
 
(b) 
Figure 3.5(a). Estimated β and γ rates estimated for Wilmington during Hurricane 
Florence. (b) Continuous time Invariant data of % empty fuel stations (I(t)). 
Consider the variation of β parameter; in both Figure 3.4(a) and Figure 3.5(a) 
an initial peak is followed by a stabilization indicating the high demand for fuel as the 
evacuation is starting. Compared to the Fort Myers-Naples, Wilmington displayed 
higher values of β which is indicative of the fact that fuel shortages occurred at a 
faster rate in Wilmington during Hurricane Florence than in Fort Myers-Naples 
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during Hurricane Irma. The γ rate shows a gradual increase after the hurricane is 
passed, indicating the progress of the recovery. 
We require a constant parameter SIR dynamical system described by 
Equations (3.1) and (3.2), for the implementation of the optimal control refueling 
strategy. For this purpose, the mechanistic data produced using all combinations of 
the β and γ values, estimated by the UKF, were compared with the empirical data to 
evaluate the mean square error. The best fit β and γ values are marked in Figure 3.4 
and Figure 3.5(a) for the two cases. Figure 3.4(b) shows the empirical fuel shortage 
data and the estimated continuous data with the constant β and γ values for Naples-
Fort Myers. A similar plot for Wilmington during Hurricane Florence is shown in 
Figure 3.5(b). In both cases, we can observe that the estimated data for the continuous 
time invariant SIR model show close resemblance to the empirical fuel shortage data.   
The continuous time invariant model SIR data for the remaining cities affected by 
Hurricanes Irma and Florence were computed in a similar way. The best fit values of 
β, γ and the basic reproduction number (R0) for all of the cities are tabulated in Table 
3.2.  
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Table 3.2.  
β, γ and R0 parameters and the number of fuel stations for the major cities affected by 
Hurricanes Irma and Florence. 
 
The UKF estimation of β and γ values were unique to each city as shown in 
Figure 3.6 and Figure 3.7. The mechanistic SIR dynamics data computed from the 
best value of β and γ that fit the real life data are shown in Figure 3.12 - Figure 3.17. 
While the values of β vary depending on the impact of hurricane evacuation in the 
different cities, the evolution of β follows a similar trend for all cities. The similarity 
of γ values for different cities is indicative of the similarity in the recovery period for 
the different cities affected by Hurricane Irma. In the case of hurricane Florence, the 
slow-moving nature of the storm and the difference in the infrastructure in the 
affected communities resulted in the variation in the recovery periods. The higher rate 
of fuel shortage in these two areas can also be attributed to their relatively isolated 
location. As a result, evacuees from these and surrounding areas had fewer refueling 
options (Burton & Waggoner, 2018) 
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Figure 3.6. β and γ rates for West Palm Beach Area during hurricane Irma. 
 
 
Figure 3.7. β and γ rates for Miami-Fort Lauderdale area during hurricane Irma. 
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Figure 3.8. β and γ rates for Tampa-St. Petersburg area during hurricane Irma. 
 
Figure 3.9. β and γ rates for Orlando city during hurricane Irma. 
 
Figure 3.10. β and γ rates for Jacksonville city during hurricane Irma. 
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Figure 3.11. β and γ rates for Greenville-New Bern-Washington during hurricane 
Florence. 
 
Figure 3.12. % empty fuel stations (I(t)) shown for West Palm Beach during 
Hurricane Irma. 
 
Figure 3.13. % empty fuel stations (I(t)) shown for Miami-Ft Lauderdale Area during 
Hurricane Irma. 
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Figure 3.14. % empty fuel stations (I(t)). shown for Tampa-St Petersburg Area during 
Hurricane Irma. 
 
Figure 3.15. % empty fuel stations (I(t)) shown for Orlando city during Hurricane 
Irma. 
 
Figure 3.16. % empty fuel stations (I(t)) shown for Jacksonville city during Hurricane 
Irma. 
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Figure 3.17. % empty fuel stations (I(t)) shown for Greenville-New Bern-Washington 
Area during Hurricane Florence. 
The UKF parameter estimation technique was also applied to other cities/areas 
in North Carolina effected by hurricane Florence: (1) Raleigh-Durham and, (2) 
Norfolk-Portsmouth-Newport. The fuel shortage parameters estimated in these 
cities/areas showed that the transmission rate per capita (β) mainly stayed below zero 
(0) throughout the period of evacuation with convergence close to zero (0) value. This 
meant the at R0 was value very low for these cities/areas. This is indicative of the fact 
that the fuel shortage epidemic in these areas was very low. Figure 3.18 and Figure 
3.19 shows this phenomenon.  
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Figure 3.18. β and γ rates in Raleigh-Durham, NC area during hurricane Florence. 
 
Figure 3.19. β and γ rates in Norfolk-Portsmouth-Newport, NC area during hurricane 
Florence. 
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3.4       Summary and Conclusions 
In this chapter, the best fit constant values for β and γ from all possible values 
are estimated using the UKF and then used to develop the time invariant continuous 
SIR data which closely resembles the empirical data.  The use of the Unscented 
Kalman Filter for this parameter estimation problem as opposed to conventional curve 
fitting techniques facilitates bounding of the dynamic parameters.  
Using the UKF, β, γ, and R0 values for 6 different cities/areas in Florida and 4 
cities and areas in North Carolina were computed. Among them, R0=3.98 
characterized the fuel shortage epidemic in the Miami/Fort Lauderdale area. Such an 
R0 value is seen in disease epidemics such as Influenza (Mills et al., 2004) or SARS 
(Wallinga & Teunis). This implies that the fuel shortage behavior in that area is 
similar to a SARS/Influenza epidemic in a population. The analysis of GasBuddy data 
for Raleigh-Durham and Norfolk-Portsmouth-Newport demonstrated that the fuel 
shortage epidemic in those areas is very low since the estimated β parameters were 
less than 0 for most of the period of evacuation. This is also observed in the real-life 
data as the fuel shortage is very low compared to the rest the of data observed for 
other city/areas in Florida and North Carolina.     
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4. Optimal Control Algorithm for the Refueling Strategy 
Optimal control algorithms are very effective for dynamics problems where 
the control has to be used with respect to constraints such as energy, resources and 
time. Bang-Bang controllers were used in developing vaccination and isolation 
control policies for influenza outbreaks (Yang et al., 2014). Implementation of this 
sort of controller also boded success in controlling seismic activities from earthquake 
and aftershocks (Kumar et al., 2018). 
This chapter delivers the methods used in formulating the bang-bang control 
algorithm for an SIR dynamics model with vaccination intervention. The vaccination 
intervention is analogous to an optimal refueling strategy that can be adopted for the 
fuel shortage epidemic problem. Results are demonstrated for different levels of 
refueling that can provide control of the fuel shortage. A bilinear interpolation method 
was used for 2 different cities to demonstrate the best level of refueling that can be 
used when resources and time are constrained.   
4.1       Model formulation 
The Unscented Kalman Filter provides estimates of the parameters β and γ, 
which are constant scalar values that can be used to develop a continuous time 
invariant dynamic model to characterize the fuel shortage as an infection. We now 
utilize this dynamic model to determine an optimal refueling strategy, shown in 
Figure 4.1, which is modeled like a vaccination intervention, to mitigate the hurricane 
fuel shortage. 
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Figure 4.1. SIR dynamics model augmented to include vaccination rate as per capita 
rate of refueling, uv. 
 
The SIR dynamics model is then augmented to include vaccination (Hansen & 
Day, 2010) as shown below: 
dS
dt
=-βS(t)I(t)-uvS(t) 
(4.1) 
 
dI
dt
=βS(t)I(t)-γI(t) 
The term uv in Equation (4.1 is the per-capita rate of refueling. Keeping 
congruency with our model parameters, uv is the rate at which susceptible gas stations 
are prevented from being emptied out by external intervention in the form of 
additional fuel supply. The control variable uv is bounded by practical constraints. The 
level of uv that can be attained at any given time depends on the infrastructure that is 
in place to overcome fuel shortage problems such as the amount of gasoline in reserve 
in proximity to the area in question, the availability of transport vehicles etc. This 
resource constraint is addressed through the optimal control algorithm. 
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Let S(t) denote the total number of refueled fuel stations that were susceptible 
to becoming empty (infected) at time, t. The actual values of S, I and r will depend on 
the specific choice of the control 𝑢𝑣. Then, if rmax≥0 is fixed, 𝑢𝑣 needs to be 
determined for the augmented SIR model in Equation (4.1 that minimizes the cost 
function (J) shown in Equation (4.2). Similar approaches have been used for the 
vaccination analogue for infectious disease modeling (Hansen & Day, 2010). 
J=∫ βS(t)I(t)
T
t0
 dt (4.2) 
subject to S(t0)=S0, I(t0)=I0 , I(T)=Imin,r(T)=rmax, uv(t)∈[0, uv,max] for all 
t∈[0,T]. Where, 𝐼𝑚𝑖𝑛 is a threshold constant chosen to indicate the end of the fuel 
station fuel shortage problem at some arbitrary final time T. 
This optimal problem can be solved by applying Pontryagin’s Maximum 
Principle (PMP) (Yang et al., 2015). In its general sense, consider the following 
optimal control problem with isoperimetric constraints: 
 min J=ϕ(T, x(T))+∫ L
T
t0
(t,x,u) dt 
such that 
{
 
 
 
 
 
 
 
 
 
 
ẋ=f(t,x,u), x(t0)=x0, u∈ U,
∫ L(t,x,u)dt=∫ βS(t)I(t)
T
t0
 dt
T
t0
,(Integral cost Function)
subject to resource constraint
R=∫ uvS(t)
T
t0
 dt ≤rmax(Resource Constraints)
ψ(T,x(T))=0 (Terminal Contraint)
  {ϕ
x
+[ϕ
x
]
T
ϑ-λ(T)}
T
|T  dx(T)+{ϕT+ϑ
T
ψ
T
+H}|T  dT=0 
(Transversality Conditions)
 
(4.3) 
 
where, x∈Rn is the state vector, 𝑢 ∈ ℝ𝑚 is the control vector, 
 is the terminal cost , L and ψ are vector functions. ϕ and L are scalar functions. r is a 
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constant vector and U is an admissible control region, with continuous partial 
derivatives w.r.t all its arguments (Yang et al., 2015).  
From the optimal control problem in Equation (4.3), the PMP states: if u*(t) is 
an optimal control with x*(t) being the optimal trajectory, there exists a non-trivial 
solution of vector functions 𝜆 (costate functions) and nontrivial vector constant 
𝜆1, 𝜆2 𝑎𝑛𝑑 𝜗 such that the following conditions are met: 
{
 
 
 
 
 
 
 
 
 
 
ẋ=f(t,x,u),λ̇=-Hx
T(t,x,u,λ),
H(t,x,u*,λ,λ1,λ2)≥H(t,x,u,λ,λ1,λ2), ∀ admissible u,
x(t0)=x0, ψ(T,x(T))=0,
H(T,x(T),u(T),λ(T),λ1(T),λ2(T))=-[GT
T(T,x(T),ϑ)]
T
,
λ(T)=Gx(T)
T (T,x(T),ϑ),
∫ L1(t,x,u)dt=∫ βS(t)I(t)
T
t0
 dt, ∫ R(t,x,u)dt ≤rmax,
T
t0
T
t0
λ2
T (∫ R(t,x,u)dt-rmax
T
t0
)=0, λ2≥0,
  
 (4.4) 
where H(t,x,u,λ,λ1,λ2)=L(t,x,u)+λ
T(t)f(t,x,u)+λ1L1(t,x,u)+λ2
T
R(t,x,u) is the 
Hamiltonian, and G(T,x(T))=ϕ(T,x(T))+ϑTψ(T,x(T)). 
If the system in Equation (4.4) is time-invariant, the Hamiltonian, H, is 
constant (Yang et al., 2015) such that: 
H(t,x,u,λ,λ1,λ2)=const, ∀t∈[t0,T]. 
The deterministic SIR model for refueling with limited resources can be 
modeled by the governing equations shown in Equation (4.1) with the addition of the 
resource constraint derivative:  
dr
dt
 = uvSNgFmax 
(4.5) 
Where Ng is the number of gas stations in that area and Fmax = 15000 Gallons 
is the maximum amount of fuel each gas stations can hold. Since the term uvNgFmax is 
a constant the term NgFmax is ignored in the analysis of the Hamiltonian.  
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If we construct this problem as a maximization problem, then Pontryagin’s 
Maximum Principle (PMP) can be used to develop the relationship: 
H(t) = - λβSI - λSβSI- λSuvS + λIβSI - λIγI + λruvS (4.6) 
where the costate equations are satisfied as follows: 
λṠ= - (λI - λ - λS)βI - (λr - λS)uv (4.7) 
λİ= - (λI - λ- λS)βI + λIγ 
λż = 0 
(4.8) 
For this problem, the terminal cost and terminal constraint is 0. Hence, the 
transversality conditions can be reduced to: 
λ
T(T)dx(T) + H(T)dT=0 (4.9) 
where dx(t)=[0, dS(t), 0, 0]T and λT(T)=[λ(T),0,λI(T),λr(T)], as I(T) and r(T) 
are constant but S(T) is variable.  
Applying the PMP to the system in Equation (4.4) 
H(t, x, uv
*, λ, λ1, λ2) ≥ H(t, x, uv, λ, λ1, λ2), ∀ admissible uv 
- λSuv
*S + λ ruv
*S ≥  - λSuvS + λruvS 
uv
*S(λr - λS) ≥ uvS(λr - λS) 
(4.10) 
The optimal control then becomes bang-bang control (Hansen & Day, 2010) 
where the switching function is given by (λr - λS = 0) and satisfies  
uv
*={
uv,max,   λr > λS
?,      λr = λS
0,        λr < λS    
 (4.11) 
Following the development in (Hansen & Day, 2010), it can be shown that 
that the optimal control is purely bang-bang, and there is no singular component or 
discontinuity. If λr = λS on some interval B, then λṠ=0 on B. Equation (4.7) then can 
be simplified to: 
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0= - (λI - λ - λS)βI - (λr - λS)uv,     ( let uv=0) 
λI = λ + λs 
(4.12) 
We can further postulate that λİ=0 on B. Hence, by Equation (4.8) and (4.12), it must 
follow that λI = 0. Therefore, λS=-λ and then the only nonzero criteria for the 
variables on B is (λ, λS, λI, λr) = (1,−1,0, −1). Furthermore, by Equation (4.7) and 
(4.8), once uv
∗  becomes singular, it must remain singular throughout the whole 
interval B. Since, T ∈ B, (λ,λS,λI,λr)=(1,-1,0,-1) has to satisfy the transversality 
condition that λS(T)=0  shown in Equation (4.9). We can further postulate, that since 
the boundary condition posed by the transversality condition is not met, the optimal 
control is purely bang-bang control. Now we examine the time at which the optimal 
control switches from 0 to uv,max. Let the switch time be at ts (Hansen & Day, 2010). 
Then the Hamiltonian, H, at switching time, ts can be written as follows: 
H(ts)= - λİ(ts)I(ts) = - λṠ (tS)S(ts) - λI(ts)γI(ts) = 0 (4.13) 
By substituting λİ(ts)=0 into Equation (4.8) gives 
(λS(ts) + λ)βS(ts) = λI(ts)(βS(ts) - γ) (4.14) 
Considering the relations in Equations. (4.11) and (4.13), the pure bang-bang 
optimal control is defined: 
λI(ts) > 0 when λṠ(ts) < 0 → (0→uv,max) 
λI(ts) <0  when λṠ(ts) > 0 → (uv,max→0) 
λI(ts) = 0 when λṠ(ts) = 0 → (no switch occurs) 
(4.15) 
Since λS(ts)=λr=const., λS(ts)+λ is either always positive, always negative or 
always zero. Suppose λS(ts) + λ = 0. Then, by Equation (4.14), either 
λI(ts)=0 or S(ts)=
γ
β
. According to Equation (4.15), if λI(ts)=0, then no switching 
occurs.  
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Therefore, if S(ts)=
γ
β
 then the optimal control has only one switch and this 
switching occurs when I(t) is maximum, since S(t) is a monotonically decreasing 
function of time (Hansen & Day, 2010). So, the possible control switches are: 
uv
*= {
uv,max,  t ∈ [0,ts)
0,      t ∈ [ts,T]    
 (4.16) 
We consider λS(ts) + λ > 0. By using the relations derived in Equation (4.14) 
and (4.15) it follows that: 
(i) λI(ts)>0 and S(ts)>
γ
β
  or 
(ii) λI(ts)<0 and S(ts)<
γ
β
   
(4.17) 
Thus, by tracking the value of S(t) we can develop an algorithm to switch the 
control and determine the switching time analytically. In this SIR model for fuel 
shortage, the switching time, ts, refers to the time when one should supply extra fuel 
to the operating fuel stations (susceptible at time t), to keep them operational in order 
to optimally control the fuel shortage epidemic to favorable levels. 
The term uv is the vaccination control for the SIR dynamic system. In our 
model we treat uv as the percentage of operational fuel stations, S(t), that is being 
replenished to avoid additional fuel stations to go out of fuel. This is different from 
the recovery rate (γ) which is the rate at which non-operational fuel stations, I(t), are 
being replenished to become operational again. The optimal refueling rate per capita, 
uv, is targeted at the susceptible compartment (S(t)) of the dynamic system. This has 
no effect on the recovery rate, γ.  
The control is applied at uv,max from  t=0 to a switching time, ts, to optimally 
reduce I(t), such that the basic reproduction number (R0) corresponding to the fuel 
shortage is less than 1, thereby mitigating the epidemic. The model suggests a 
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combination of uv,max and ts to achieve this objective. This approach helps to introduce 
optimal refueling control earlier in the evacuation period before the hurricane landfall 
and can determine the extra amount of reserve fuel required and the time period in 
which refueling is most effective.  
4.2       Results and Discussion of Optimal Refueling Strategy   
The constant values of transmission rate per capita (β) and the recovery rate 
(γ) estimated from the procedure outlined Chapter 3.3 were utilized to form the 
continuous time invariant SIR data that closely resembles the empirical data and can 
be used directly in the optimal control algorithm. The results for the optimal refueling 
strategy are in the form of per capita rate of refueling (uv,max) and the corresponding 
switching time (ts), which control the fuel shortage epidemic, i.e. lower the basic 
reproduction number (R0), to non-epidemic levels as presented in Equation (4.17). 
The per capita rate of refueling (uv,max) corresponds to the fraction of susceptible fuel 
stations, S(t), that will be provided with extra refueling scheme at a given time.  We 
vary this refueling rate (uv,max)  from 0 (no intervention) to 0.75 (75% refueling 
stations prevented from emptying), and determine the corresponding switching time 
(ts) for the intervention to effectively reduce the fuel shortage below epidemic levels. 
When viewed in totality, this analysis would provide a strategy to allocate limited 
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resources to different affected regions from a hurricane. 
 
Figure 4.2 shows the percentage fuel stations that remain operational at any 
given time. The baseline is the curve corresponding to uv=0 and is same as that in 
Figure 3.4(b). The baseline data generated using the UKF estimation process is the 
continuous time invariant representation of the empirical data and can be 
characterized by Equations (3.1) and (3.2). Figure 4.3 and Figure 4.4 show the 
application of the refueling strategy to the Fort Myers-Naples region during Hurricane 
Irma. 
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Figure 4.2. Evolution of susceptible (operational) gas stations and the effect of 
refueling for Fort Myers-Naples during Hurricane Irma. 
In these instances, the per capita rate of refueling (uv,max), represents the 
fraction of gas stations that are prevented from becoming empty through external 
intervention till the switching time. The level of external intervention in terms of 
amount of fuel required changes every time step as the number of operational fuel 
stations (S(t)) changes. The application of this control strategy helps reduce the 
number of empty fuel stations, I(t), as shown in Figure 4.3. Figure 4.4 shows the 
application time and the switching time for the intervention. Here the per capita rate 
of refueling (uv,max) is applied from the beginning of the observed time window and 
then switched to zero at the time designated by the condition in Equation (4.17). Note 
that application period for the refueling is well in advance of the hurricane landfall 
(Day 4 in this case). Figure 4.3 and Figure 4.4 show that the per capita refueling rate 
of 0.1 for 2.2 days reduces the peak fuel shortage from 55% to 48% and also moves 
the occurrence of peak shortage back by a day. When the uv,max=0.75 is applied, the 
application period required is 0.5 days and it reduces the peak shortage to 37%. Figure 
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4.5 shows the evolution of cumulative fuel for different levels of uv,max. The data for 
the Figure 4.5 was computed using Equation (4.5). When the uv,max=0.75 is applied 
the total level of fuel required to control the fuel shortage epidemic is 515,500 
gallons.   
 
Figure 4.3. Evolution of infected gas stations and the effect of refueling for Fort-
Myers-Naples during Hurricane Irma. 
 
Figure 4.4. The optimal application and switching time, ts, for different refueling rates 
for Fort-Myers-Naples during Hurricane Irma. 
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Figure 4.5. Evolution of cumulative fuel required in US Gallons for different levels of 
refueling intervention, uv, for Fort-Myers-Naples during hurricane Irma. 
Figure 4.6, Figure 4.7 and Figure 4.8 show similar data for Wilmington 
affected by Hurricane Florence. Similar trends for the effect of refueling strategy in 
reducing the susceptible gas stations and in pulling back the peak fuel shortage time 
can be observed here as well. Here it can also be seen that the application time of 
optimal refueling is well in advance of the hurricane landfall (Day 5 in this case). 
Figure 4.7 and Figure 4.8 show that the per capita refueling rate of 0.1 for 4.25 days 
reduces the peak fuel shortage from 73% to 52% and also moves the occurrence of 
peak shortage back by a day. When the uv,max =0.75 is applied, the application period 
required is 2.5 days and it reduces the peak shortage to 18%. Figure 4.9 shows the 
evolution of cumulative fuel for different levels of uv,max. When the uv,max =0.75 is 
applied the total level of fuel required to control the fuel shortage epidemic is 244,700 
gallons.   
 
Figure 4.6. Evolution of susceptible (operational) gas stations and the effect of 
refueling for Wilmington, NC during Hurricane Florence. 
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Figure 4.7. Evolution of infected gas stations and the effect of refueling for 
Wilmington, NC during Hurricane Florence. 
 
Figure 4.8. The optimal application and switching time, ts, for different refueling  
rates for Wilmington, NC during Hurricane Florence. 
 
Figure 4.9. Evolution of cumulative fuel required in US Gallons for different levels of 
refueling intervention, uv, for Wilmington, NC during hurricane Florence. 
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While increasing the refueling intervention levels reduces the number of 
empties fueling stations, there is a diminishing return when the intervention is 
increased beyond a certain level. Figure 4.10 shows the variation in the peak value of 
empty fuel stations (I(t)) as the refueling rate (uv,max) is increased from 0 to 1.  
 
Figure 4.10. Maximum number of empty fuel stations, I(t), for uv,max ranging from 0 
to 1. 
The change of maximum I(t) is observed to be more in areas with higher rate 
of fuel shortage, i.e. high transmission rate per capita (β). For the Fort Myers-Naples 
area, with β=0.0089/day there is a gradual reduction in maximum I(t) as uv,max is 
increased. In the case of Wilmington, with β=0.012/day, there is a steeper change in 
maximum I(t) at low uv,max. In all the cases, there is a steady decrease in I(t) with the 
increase in the refueling rate however, the rate of decrease is clearly higher for lower 
values of uv,max. When this behavior is plotted as a bilinear relation as sown in Figure 
4.11, the inflexion point corresponds to the most effective refueling rate when there is 
a resource constraint. 
To determine the best uv,max for a city/area, we performed bilinear 
interpolation. As it can be seen in Figure 4.11 using linear regression, 2 lines of best 
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fit were computed for both Fort Myers-Naples area and Wilmington city. The 
intersection of these lines helped us determine the best uv,max for that particular 
city/area. In the case of Fort Myers-Naples area the best refueling per capita rate is 
0.35, while for Wilmington it is 0.39.  
 
Figure 4.11. Bilinear Interpolation of Wilmington city and Ft Myers-Naples Area to 
determine best uv,max. during hurricane Irma. 
Figure 4.12 to Figure 4.28 shows the evolution of susceptible (operational) 
infected (empty) fuel stations for other cities affected by Hurricane Irma and 
Hurricane Florence i.e. West Palm Beach, Miami-Ft Lauderdale, Tampa-St 
Petersburg, Orlando, Jacksonville and Greenville-New Burn-Washington, NC. The β 
and γ values used to generate the baseline continuous time invariant SIR data 
corresponding to uv=0 are shown in Table 3.2. The reduction in fuel shortages with 
different levels of intervention uv,max follows the same trend as that discussed earlier.  
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Figure 4.12. Evolution of susceptible (operational) gas stations for West Palm Beach 
during hurricane Irma 
 
Figure 4.13. Evolution of infected gas stations West Palm Beach during hurricane 
Irma 
 
Figure 4.14. The optimal application and switching time, ts, for different refueling 
rates for West Palm Beach during hurricane Irma 
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Figure 4.15. Evolution of susceptible (operational) gas stations and the effect of 
refueling for Miami-Ft Lauderdale area during hurricane Irma 
 
Figure 4.16. Evolution of infected gas stations and the effect of refueling for Miami-
Ft Lauderdale area during hurricane Irma 
 
Figure 4.17. The optimal application and switching time, ts, for different refueling 
rates for Miami-Ft Lauderdale area during hurricane Irma. 
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Figure 4.18. Evolution of susceptible (operational) gas stations and the effect of 
refueling for Tampa-St Petersburg area during hurricane Irma 
 
Figure 4.19. Evolution of infected gas stations and the effect of refueling for Tampa-
St Petersburg area during hurricane Irma 
 
Figure 4.20. The optimal application and switching time, ts, for different refueling 
rates Tampa-St Petersburg area during hurricane Irma 
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Figure 4.21. Evolution of susceptible (operational) gas stations and the effect of 
refueling for Orlando City during hurricane Irma 
 
Figure 4.22. Evolution of infected gas stations and the effect of refueling for Orlando 
City during hurricane Irma 
 
Figure 4.23. The optimal application and switching time, ts, for different refueling 
rates Orlando City during hurricane Irma 
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Figure 4.24. Evolution of susceptible (operational) gas stations and the effect of 
refueling for Jacksonville City during hurricane Irma 
 
Figure 4.25. Evolution of infected gas stations and the effect of refueling for 
Jacksonville City during hurricane Irma 
 
Figure 4.26. The optimal application and switching time, ts, for different refueling 
rates Jacksonville City during hurricane Irma 
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Figure 4.27. Evolution of susceptible (operational) gas stations and the effect of 
refueling for Greenville-New Burn-Washington, NC area during hurricane Florence 
 
Figure 4.28. Evolution of infected gas stations and the effect of refueling for 
Greenville-New Burn-Washington, NC area during hurricane Florence 
 
Figure 4.29. The optimal application and switching time, ts, for different refueling 
rates for Greenville-New Burn-Washington, NC area during hurricane Florence 
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4.3       Summary and Conclusions  
An ongoing evacuation during a hurricane can be an evolving and dynamic 
problem. Residents in affected areas decide on the evacuation and preparation based 
on various factors like hurricane intensity, hurricane path and personal resources 
(Baker, 2010). The ensuing fuel shortages can vary by location based on these factors. 
The optimal refueling strategy discussed in this section helps governing authorities to 
ascertain the level of external intervention required to control fuel shortage and 
sustain it to minimal levels to facilitate problem free evacuation for the population of 
city/area concerned. Predictive model of fuel shortage 
Using the optimal refueling strategy discussed in this section, I demonstrated 
different levels of extra intervention that can be used to mitigate fuel shortage to 
minimal levels. However, with increasing intervention the law of diminishing returns 
starts to take effect. Using the optimal refueling strategy and applying bilinear 
interpolation, I was able to determine the best refueling rate per capita for Fort-Myers 
and Wilmington at 0.35 and 0.39 respectively. Using the optimal refueling strategy 
discussed in this section, the governing authorities can ascertain the level of extra 
intervention required to control and mitigate fuel shortage during hurricane 
evacuation emergencies.  
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5. Predictive Model for Fuel Shortage During Hurricane Evacuation 
The methods proposed in the research can be useful in helping authorities 
prepare for emergency situations involving hurricane evacuation. A predictive model 
with hurricane evacuation traffic prediction and the corresponding correlation to fuel 
demand is presented in this chapter. Once the fuel demand for Category 1 and 3 
hurricanes is presented, the UKF parameter estimation with optimal refueling strategy 
is applied on the predictive model to suggest best policy for fuel shortage epidemic 
mitigation. On the other hand, one of the primary advantages of using the UKF to 
evaluate epidemiological parameters is that, it can also be used with the incoming 
initial data to predict different scenarios of fuel shortage epidemic. The optimal 
refueling strategy can then be applied to the fuel shortage SIR deterministic data to 
obtain valuable information on the level of intervention that can be applied to control 
the fuel shortage epidemic. 
In the first subchapter, a fuel prediction model using correlation between 
evacuating traffic and fuel shortage is analyzed. The prediction models are then 
analyzed using the methods discussed in Chapter 3 and 4. In the second subchapter, 
initial pseudo-data of Day 1 of hurricane is used to evaluate the transmission rate per 
capita (β) of the SIR dynamics model by utilizing the UKF algorithm. The 
mechanistic data is then computed by varying parameters, assumed to be based on 
historic data, that can be calculated using the β estimate. The optimal refueling 
strategy with vaccination analogy is then applied on the mechanistic data to 
demonstrate the level of infection mitigation that can be achieved for different 
scenarios.   
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5.1      Correlation between Evacuation Traffic and Fuel Shortage  
The results of linking traffic volume and fuel shortage for various population 
centers in Florida is presented in this chapter. The hourly counts of vehicles obtained 
from FDOT’s SunGuide program are analyzed to obtain cumulative outgoing traffic 
count over the days impacted by Hurricane Irma. Irma made a second landfall on to 
US mainland at Marco Island near Naples on Sep 10 at 3:35 PM. The cumulative 
egress from Napes-Fort Myers metropolitan area is shown as the dotted line in Figure 
5.1.  The evacuation out of this area started three to four days before the hurricane 
landfall and reached peak by Sep 9. The flat peak around the hurricane landfall period 
indicates the reduced traffic volume during the hours impacted by the hurricane.  The 
solid line in figure 3 shows the fuel shortage reported by GasBuddy crowdsource 
platform in the form of percent refueling stations without fuel. The peak for the fuel 
shortage lags the peak evacuation traffic as can be expected. When faced with a threat 
of looming hurricane, people usually fill-up their vehicles in preparation for a 
potential evacuation, even if they eventually decide not to evacuate. As can be 
observed form Figure 3 up to 60 percent of the refueling stations in Naples- Fort 
Myers area was without gas as the evacuation traffic was peaking.  
Figure 5.2 shows a similar plot for Tampa-St Petersburg metropolitan area. 
The plot shows similar trend as that of Naples, with respect to flat traffic peak around 
landfall and the period impacting this region. Fuel shortages of up to 60 percent can 
be observed lagging the peak of evacuation traffic for this region as well. Figure 5.3 
shows similar data for Miami-Fort Lauderdale Metropolitan area. This is the largest 
metropolitan area in Florida with significantly higher population. While the trend is 
similar to that observed in Figure 5.1 and Figure 5.2, there are fluctuations in both 
traffic peak and fuel peak. This can be attributed to the early uncertainty in the 
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hurricane path. While the hurricane eventually made landfall close to Naples, early 
predictions indicated a possible landfall near Miami (National Hurricane Center, 
2017). This may have prompted early increase in evacuations which stabilized as the 
hurricane path was more certain. Figure 5.4 shows the similar plot for Jacksonville.     
 
 
Figure 5.1. Fuel shortage and cumulative egress for Naples, FL during hurricane 
Irma. 
 
 
Figure 5.2. Fuel shortage and cumulative egress for Tampa, FL 
 
 
Figure 5.3. Fuel shortage and cumulative egress for Miami/Ft Lauderdale, FL 
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Figure 5.4. Fuel shortage and cumulative egress for Jacksonville, FL 
The data in the above figures is used to obtain a correlation function between 
the evacuation traffic volume and fuel shortage. Since there is a delay in the peaks of 
both fuel demand and cumulative egress the plot for fuel demand is shifted to match 
the peak value around the same time as the cumulative egress for all the city/area. 
This is done as it is hypothesized that there is a direct correlation between the 
occurrence of these peak values without taking the uncertainties of evacuation 
considered.  
Table 3.1 shows the time delay (ΔT), in days, that was observed for different 
city/areas in fuel demand and cumulative egress.  
Table 5.1.  
Time Delay between peak fuel demand and peak cumulative egress for different 
city/area  
City/Area ΔT (Days) IMAX 
Cum. 
EgressMAX 
No. of Fuel 
Stations 
Ft Myers-Naples 3.25 0.61 123356 76 
Tampa-St Petersburg 1.25 0.6 114312 922 
Miami-Ft Lauderdale 1 0.66 234924 1545 
West Palm Beach 0 0.56 36968 34 
Jacksonville 0 0.56 185861 453 
 
The data in Figure 5.5 exhibits a linear correlation between the egress traffic 
and corresponding fuel shortage for Naples, FL. Figure 5.6 to Figure 5.8 shows the 
same for 3 other city/areas of Florida during hurricane Irma. The regression 
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coefficients and the goodness of fit for the correlation are shown on the plot. This 
correlation for the predictive model is used subsequently. 
 
Figure 5.5. Relationship between fuel demand and cumulative egress for Naples, FL 
during hurricane Irma. 
 
 
Figure 5.6. Relationship between fuel demand and cumulative egress for Tampa-St 
Petersburg area, FL during hurricane Irma. 
 
 
Figure 5.7. Relationship between fuel demand and cumulative egress for Miami-Ft 
Lauderdale. 
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Figure 5.8. Relationship between fuel demand and cumulative egress for Jacksonville 
5.2       Predictive Model for Hurricane Evacuation Traffic and Fuel Shortage  
Consider a hurricane that would make a direct impact on South Florida. In this 
part of the subchapter, the results of a predictive model is analyzed for fuel shortages 
due to evacuation from such a hurricane as well as optimal intervention strategy for 
such fuel shortages when faced with a resource constraint. The total traffic volume 
evacuating out of Miami-Dade County is estimated based on Statewide Regional 
Evacuation Study Program (SRESP) surveys (Baker, 2010). The survey results on the 
likelihood of evacuation for residents in different surge protection zones are scaled to 
the population of metropolitan area and average vehicle availability for the 
households from US census to estimate the total evacuation numbers. Table 5.2 below 
provides the details of the calculation for a category 1 hurricane which would make 
landfall in Miami-Dade County. A similar estimate for Category 3 hurricane generates 
343,379 vehicles evacuating Miami metropolitan area shown in  
Table 5.3.  
Table 5.2.  
Calculation of total evacuating vehicles for Miami-Dade County for a Category-1 
hurricane. The sources for data are Baker et al (Baker, 2010), Downs et al (Downs, 
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Prusaitis, Germain, & Baker )and US census (U.S. Census Bureau QuickFacts: 
Boward County, Florida, 2018) 
 
Table 5.3.  
Calculation of total evacuating vehicles for Miami-Dade County for a Category-3 
hurricane. The sources for data are Baker et al (Baker, 2010), Downs et al (Downs, 
Prusaitis, Germain, & Baker )and US census (U.S. Census Bureau QuickFacts: 
Boward County, Florida, 2018) 
 
The total evacuation traffic is distributed across the evacuation period based 
on the traffic distribution during Hurricane Irma. We used a normalized aggregate 
traffic distribution which is essentially a combination of the traffic data from Figure 
5.1 to Figure 5.4. The resulting fuel shortage due to the traffic volume is estimated 
using the regression coefficients in Table for Miami region. 
 
Figure 5.9 shows the estimate of fuel shortage. Both the prediction of the 
loading pattern and the fuel shortage prediction can improve significantly as data from 
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additional historical and future hurricanes is used to develop the relation between 
evacuation and fuel shortage. 
 
Figure 5.9. Prediction of cumulative egress and fuel shortage for: Category 3 
hurricane directly impacting Miami FL, and Category 1 hurricane directly impacting 
Miami FL. 
Once the predictive model is used to parameterize the fuel shortage data, we 
use the optimal refueling strategy approach for further analysis.  Here we use an 
Unscented Kalman Filter (UKF) algorithm (Sabet et al., 2004) to estimate the 
transmission rate per capita (β) and the recovery rate (γ) of the predicted fuel 
shortage. We use the optimal refueling strategy to determine the best scenario for 
mitigating the fuel shortage problem under a resource constraint. In Figure 5.10 and 
Figure 5.11, we used Equations (3.4) and (3.5) to deterministically produce the time-
invariant data of the SIR dynamics without intervention, i.e. using uv=0. The 
epidemiological parameters corresponding to the transmission per capita rate and the 
recovery rate for the predicted category 3 and category 1 hurricanes are shown in 
Table 5.4. The use of UKF for parameter estimation is necessary as the evolution of 
infected gas stations (I(t)) from the prediction model was time-variant, but the optimal 
refueling strategy developed in the methods section is based off of a time-invariant 
continuous time non-linear dynamic system.  
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Table 5.4.  
Results of parameter estimation using the UKF for the fuel shortage prediction 
Parameter Category 1 Category 3 
Transmission rate per capita (β) 0.0028/day 0.0043/day 
Recovery rate (γ) 0.0453/day 0.0105/day 
 
 
Figure 5.10. Fuel shortage prediction model and the Time-invariant continuous SIR 
data computed using UKF parameter estimation for Category 3 hurricane 
 
Figure 5.11. Fuel shortage prediction model and the Time-invariant continuous SIR 
data computed using UKF parameter estimation for Category 1 hurricane 
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Figure 5.12-Figure 5.13 show the change in percentage of empty fuel stations 
or I (t) as the optimal refueling strategy is applied. With uv=0 (i.e. no intervention), 
for a category 3 hurricane making a direct hit on Miami, the model predicts that the 
fuel shortages will be more than 90 percent. If the resources are used to provide relief 
to 75 percent of the gas stations at any given time (i.e. uv=0.75), the fuel shortages 
would be reduced to 34 percent.  Figure 5.14 shows that the optimal switching time 
for the bang-bang controller with uv=0.75 is 3 days. This implies that the infectious 
behavior of fuel shortage can be mitigated by providing relief to 75 percent of 
operating refueling stations for the first 3.25 days after the start of evacuation. This 
essentially means that the R0 parameter described earlier is less than 1 under these 
conditions, i.e. 1 percent gas stations going out of fuel does not cascade into fuel 
shortage beyond this 1 percent. When R0 is higher than 1, like with (uv=0), 1 percent 
gas stations going out of fuel leads to an additional R0 percent refueling stations going 
out of fuel due to the infectious behavior.  Figure 5.12 to Figure 5.15 show how the 
switching function (ts) and the level of intervention (uv) can be varied to optimally 
control the problem and mitigate the infectious behavior.  
 
Figure 5.12. Change in the percentage of empty fuel stations due to varying levels of 
intervention (uv,max) for Category 3 hurricane 
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Figure 5.13. Change in the percentage of empty fuel stations due to varying levels of 
intervention (uv,max) for Category 1 hurricane 
 
Figure 5.14. Switching time of optimal refueling strategy for Category 3 hurricane 
 
Figure 5.15. Switching time of optimal refueling strategy for Category 1 hurricane 
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5.3       Predictive Model and Optimal Control for “on-the-fly” Data 
An algorithm was developed to estimate the transmission rate per capita (β) 
for an ongoing evacuation scenario where the UKF parameter estimation can be used 
to estimate the β parameter for the affected regions even with limited data during the 
beginning of the fuel shortage. The initial data gathered can be used as the 
measurement update of the UKF to evaluate the β parameter of the SIR dynamics 
model that has been adopted for fuel shortage. The γ parameter is related to recovery 
rate and can be estimated using the β estimate and an approximate recovery period 
based on historical data or by varying the R0. This analysis for all the affected regions 
combined with the optimal refueling methodology discussed above can help assess 
the levels of fuel supply required to mitigate the fuel shortage crisis in the affected 
regions, and thereby assist decision makers in allocating limited resources in a 
dynamically evolving emergency.  
Figure 5.16 shows the predictive model for such case for Fort Myers-Naples 
area. The R0 is valued to determine the recovery rate (γ) to produce the mechanistic 
data for the predictive model. For this analysis it is assumed that Day 1 fuel shortage 
data for Fort Myers-Naples area has been obtained and the parameter estimation 
applied to it to determine the possible scenarios. It is important to note that the best fit 
R0 is the one that was determined from the methods in Chapter 3.3. Figure 5.17-
Figure 5.28 shows the application of the optimal refueling strategy to different 
scenarios of predictive infection. 
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Figure 5.16. Predictive model for Fort Myers-Naples area from β parameter 
estimation and varied R0.  
 
Figure 5.17. Evolution of susceptible (operational) gas stations and the effect of 
refueling for Fort-Myers-Naples during Hurricane Irma for the predictive model with 
R0=5. 
 
Figure 5.18. Evolution of Infected or empty fuel stations and the effect of refueling 
for Fort-Myers-Naples during Hurricane Irma for the predictive model with R0=5. 
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Figure 5.19. The optimal application and switching time, ts, for different refueling 
rates for Fort-Myers-Naples during Hurricane Irma for the predictive model with 
R0=5. 
 
Figure 5.20. Evolution of susceptible (operational) gas stations and the effect of 
refueling for Fort-Myers-Naples during Hurricane Irma for the predictive model with 
R0=7. 
 
Figure 5.21. Evolution of Infected or empty fuel stations and the effect of refueling 
for Fort-Myers-Naples during Hurricane Irma for the predictive model with R0=7. 
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Figure 5.22. The optimal application and switching time, ts, for different refueling 
rates for Fort-Myers-Naples during Hurricane Irma for the predictive model with 
R0=7. 
 
Figure 5.23. Evolution of susceptible (operational) gas stations and the effect of 
refueling for Fort-Myers-Naples during Hurricane Irma for the predictive model with 
R0=3.5. 
 
Figure 5.24. Evolution of Infected or empty fuel stations and the effect of refueling 
for Fort-Myers-Naples during Hurricane Irma for the predictive model with R0=3.5. 
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Figure 5.25. The optimal application and switching time, ts, for different refueling 
rates for Fort-Myers-Naples during Hurricane Irma for the predictive model with 
R0=3.5. 
 
Figure 5.26. Evolution of susceptible (operational) gas stations and the effect of 
refueling for Fort-Myers-Naples during Hurricane Irma for the predictive model with 
R0=2.9. 
 
Figure 5.27. Evolution of Infected or empty fuel stations and the effect of refueling 
for Fort-Myers-Naples during Hurricane Irma for the predictive model with R0=2.9. 
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Figure 5.28. The optimal application and switching time, ts, for different refueling 
rates for Fort-Myers-Naples during Hurricane Irma for the predictive model with 
R0=2.9. 
5.4       Summary and Conclusions 
In this chapter of a predictive model for the evolution of fuel shortages during 
hurricanes and an optimal control strategy to mitigate such shortages is presented.   
I developed a predictive model for the evacuation traffic volume and the resulting fuel 
shortages during a hurricane evacuation.  In addition, I utilized an epidemiological 
analogue to analyze the evolution of fuel shortages. In addition,  
The data analysis of the evacuation traffic and crowd sourced fuel shortage 
data suggests that there is a direct correlation between the two. Using epidemiological 
analogy, the fuel shortage epidemic is controlled when the basic reproduction number 
(R0) is less than 1. The predictive model suggests that there can be a fuel shortage in 
up to 90% of the refueling stations in Miami-Dade County, due to evacuation form a 
Category 3 hurricane impacting Miami. The optimal control algorithm suggests the 
level and duration of intervention required to keep these fuel shortages from 
becoming an epidemic. While the application focused on hurricanes impacting 
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Florida, the model is generally applicable to similar resource shortages due to 
evacuations in any location. 
In subsequent subchapter, the epidemiological analogue is utilized again to 
analyze the evolution of fuel shortages with varying degree of infection assumed that 
is based on historical data from past hurricanes. The area of concern of which the fuel 
shortage trend was predicted was Fort Myers-Naples area. After the initial analysis 
was conducted with UKF, the optimal refueling strategy was applied on the SIR 
mechanistic data that as computed using the β estimate and variations of R0. If we 
were evaluating the initial data for Fort Myers-Naples area for hurricane Irma, R0 = 
2.9 would have been the best fit for the real-life scenario. Although it is not favorable, 
but with more data on fuel shortage trends of area/cities, historical trends of R0 can be 
obtained for utilization on this sort of predictive model formulation. 
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6. Conclusion and Recommendation for Future Work 
6.1      Conclusion 
Fuel is a critical and limited resource during a natural disaster. Regional 
evacuations from major hurricanes can generate significant and often overwhelming 
fuel demand. In this study, for the first time we utilize a combination of social media 
crowdsourced data and epidemiological modeling techniques to address the problem 
of fuel shortages during hurricanes. We used the crowdsourced data from GasBuddy 
to model the fuel shortage experienced during recent hurricanes as a contagion. The 
Unscented Kalman Filter was utilized to evaluate the dynamic parameters, 
transmission rate per capita (β) and recovery rate (γ), for multiple cities affected by 
Hurricanes Irma and Florence. Using that we found that the fuel shortage in Miami-Ft 
Lauderdale area exhibited contagion like characteristics such as an influenza/SARS 
epidemic. An optimal refueling strategy was developed using Bang-Bang Control 
theory. The optimal control strategy provides useful insight into the control of a fuel 
shortage contagion using a vaccination analogue to the SIR model. The methodology 
can estimate the amount of fuel required at any given time to mitigate the epidemic 
fuel shortage in a given geographical region.  Using that optimal refueling strategy we 
found that in places like Wilmington and Fort Myers-Naples during hurricane 
Florence and Irma, if the authorities provided extra fuel to 39% and 35% of the 
operational fuel stations per day, the fuel shortage could have been mitigated to 
favorable levels. This approach can be used to analyze fuel shortages during an 
ongoing evacuation and assist in resource allocation decisions. A predictive model 
was proposed were the correlation between traffic flow through an area and fuel 
demand as analyzed. The UKF parameter estimation and optimal refueling strategy 
was then applied on the data of predictive model for Category 3 and Category 1 
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hurricane evacuation fuel shortage. Fuel shortage was contained from 92% during 
Category 3 evacuation scenario to about 34% using the optimal refueling strategy 
developed in this research. Another predictive model was proposed for future 
hurricanes that can utilize incoming data during the first stages of hurricane 
evacuation and combined with historical data trends of R0 or approximate recovery 
period to come up with the prediction of fuel shortage trends that governing 
authorities can use to create optimal refueling policies. Although it is not favorable, 
but with more data on fuel shortage trends of area/cities, historical trends of R0 can be 
obtained for utilization on this sort of predictive model formulation. 
6.2       Recommendations for future work 
a) The parameter estimation technique demonstrated in this research is efficient 
in estimating epidemiological parameters in a bounded region considering the 
nonlinearity associated with the ODEs. For future consideration, different 
types of Kalman Filtering techniques can be examined. Also, fractional order 
of SIR dynamical model can be utilized for parameter estimation. An 
alternative of which is discussed in the journal article by (Area, et al., 2015). 
b) Taking a step away from optimal bang-bang controllers, researchers can look 
at other types of controllers that can implement the time delay associated with 
starting to apply to control to the control variable reaching the maximum 
value. 
c) For future considerations, researchers could examine the effect of fuel 
hoarding on fuel shortage during hurricane evacuation. i.e. the level of fuel 
shortage occurring due to people filling up their automobiles but not 
evacuating compared to the level of fuel shortage occurring due to the flow of 
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traffic through a specific city/area. A self-excitation model can be proposed 
for this type of study (Reinhart, 2018).  
d) Extension of this research can be done to the epidemic model of crashes that 
occur during evacuation. 
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